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The open question of whether a black hole can become tidally deformed by an external gravitational field has
profound implications for fundamental physics, astrophysics and gravitational-wave astronomy. Love numbers
characterize the tidal deformability of compact objects such as astrophysical (Kerr) black holes. We prove that
all Love numbers vanish identically for a Kerr black hole in the nonspinning limit or for an axisymmetric tidal
perturbation. In contrast to this result, we show that Love numbers are generically nonzero for a spinning black
hole. Specifically, to linear order in the black hole spin and the weak perturbing tidal field, we compute in closed
form the Love numbers that couple the mass-type and current-type quadrupole moments to the electric-type and
magnetic-type quadrupolar tidal fields. This tidal deformability is potentially observationally important through
its contribution to the accumulated gravitational-wave phase of an inspiralling stellar-mass compact object into
a massive black hole. We show that for a dimensionless black hole spin ∼ 0.1, the nonvanishing quadrupolar
Love numbers are ∼ 2×10−3. This indicates that, despite black holes being particularly “stiff” compact objects,
their nonvanishing tidal deformability could be detected by the future gravitational-wave interferometer LISA.
Introduction.—The deformability of a self-gravitating body
under the effect of an external tidal field is a question of cen-
tral interest in gravitational physics. Such tidal deformability
can be characterized by a discrete set of tidal Love numbers
(TLNs) [1], the gravitational analogue of the electric suscep-
tibility in electrodynamics. Importantly, the TLNs of a self-
gravitating body encode information about its internal struc-
ture, such as its composition or equation of state [2–4]. Those
numbers were first introduced by Love [5, 6], in the context of
Newtonian gravitation, to describe the Earth’s ocean tides due
to its gravitational interaction with the Moon. They now play
an important role in understanding the internal structure of the
planets of the Solar System [7, 8], and even of exoplanets such
as WASP-103b [9] and the TRAPPIST-1 system [10, 11].
In the context of relativistic gravitation, current and future
gravitational-wave measurements of TLNs in binary inspirals
provide a novel way of testing the inspiralling compact ob-
jects (neutron stars or black holes) and general relativity in the
regime of strong gravitational fields [12]. In events that lead to
the coalescence of two neutron stars, such as GW170817 [13]
and GW190425 [14], the tidal effects become important for
gravitational-wave frequencies of around 600Hz, by accelerat-
ing the coalescence and affecting the gravitational-wavephase.
Those two events have been used to set upper bounds on the
tidal deformability of neutron stars, thereby constraining their
radii and equation of state at supranuclear densities [14–18].
Some universal (i.e., equation-of-state independent) I-Love-
Q [19] and I-Love-C [20] relations between the neutron star
moment of inertia, quadrupolar TLN, quadrupolemoment and
compactness can be used to lift degeneracies among parame-
ters in gravitational-wave signals, enhancing themeasurability
of the tidal effects. Over the coming decades, the observation
by the planned LISA mission [21] of the gravitational-wave
signals generated by the inspiral of stellar mass compact ob-
jects into massive black holes might place constraints on the
TLNs of the central body that are roughly eight orders of mag-
nitude more stringent than current ones on neutron stars [22].
It is widely accepted that all astrophysical black holes are
rotating and are thus described by the Kerr family [23, 24] of
solutions of the Einstein equation. Previous works on the tidal
deformability of black holes in general relativity have shown
that, differently from the Newtonian case, the tidal field can be
decomposed into two sectors, according to their parity, often
called electric and magnetic, and, importantly, that the TLNs
of nonrotating black holes all vanish [25–29]. This conclusion
was extended to slowly rotating black holes, perturbatively in
the spin, for a weak quadrupolar tidal field: to quadratic order
for an axisymmetric quadrupole of electric-type [30], and to
linear order for a generic quadrupole [31]. Given those re-
markable results, there appears to be a widespread expectation
that the vanishing of black hole TLNs extends to a generic
rotating Kerr black hole in a generic multipolar tidal environ-
ment, e.g. in [22, 32–38]. In this Letter we will show that, on
the contrary, the TLNs of a Kerr black hole do not vanish in
general. The details will be given in a companion paper.
Throughout this Letter we use units such that G = c = 1, an
overbar denotes the complex conjugation,we use the shorthand∑
ℓm ≡
∑∞
ℓ=2
∑ℓ
m=−ℓ where ℓ is the multipolar index, as well
as the notation L ≡ i1 · · · iℓ for a multi-index made of ℓ spatial
indices.
Newtonian Love.—Consider an isolated, spherical, Newto-
nian body ofmass M and equilibrium radius R. For a weak and
slowly varying external tidal field, the induced mass multipole
moments IL(t) are proportional to the applied tidal moments
EL(t),
IL = λℓ EL , (1)
where λℓ is a constant. For instance, at quadrupolar order the
inducedmass quadrupole Iij is proportional to the quadrupolar
tidal field Eij . This adiabatic approximation holds as long as
the typical timescales of the physical processes responsible for
adjusting the matter distribution are much shorter than the typ-
2ical timescale of variation of the tidal environment itself. The
tidal deformability parameter λℓ in (1) depends exclusively on
the internal structure of the body and scales as R2ℓ+1. Intro-
ducing the dimensionless TLN kℓ associated with λℓ , defined
via
kℓ ≡ −(2ℓ−1)!!
2(ℓ−2)!
λℓ
R2ℓ+1
, (2)
the gravitational potential of the tidally-perturbed Newtonian
body can be expanded over spherical harmonics Yℓm(θ, φ) ac-
cording to [1]
U =
M
r
−
∑
ℓm
(ℓ−2)!
ℓ!
Eℓm rℓ
[
1+2kℓ
(
R
r
)2ℓ+1]
Yℓm , (3)
where r is the Euclidean distance to the center of mass, and the
2ℓ+ 1 coefficients Eℓm are the spherical-harmonic modes of
the tidal moment EL. The growing term O(rℓ) corresponds to
the external 2ℓ-polar tidal perturbation, and the decaying term
O(r−ℓ−1) to the body’s response, proportional to the TLN kℓ .
Einsteinian Love.—In general relativity, the tidal environ-
ment of a body is fully characterized by two families of tidal
moments: the electric-type and magnetic-type tidal fields EL
and BL. The former are the relativistic analogues of the New-
tonian tidal moments introduced above, while the latter have
no counterpart in Newtonian gravity. Similarly, the multipolar
structure of that body is now characterized by two families
of multipole moments: the mass-type and current-type multi-
pole moments ML and SL, which are defined in a coordinate-
independent manner for any asymptotically flat, stationary so-
lutions of the vacuum Einstein equation [39, 40].
From now on we consider a weak, stationary tidal perturba-
tion of a given compact body. The associated perturbedmetric
is g˚αβ + hαβ, where the background g˚αβ is an exact solution
of the Einstein equation and the linear metric perturbation can
be decomposed according to
hαβ = h
tidal
αβ + h
resp
αβ
. (4)
Here, htidal
αβ
and h
resp
αβ
are uniquely specified as the linearly in-
dependent solutions of the linearized Einstein equation in vac-
uum (outside the body) that have the appropriate asymptotic
behavior at large distances. In particular, the growing solution
htidal
αβ
is unambiguously associated with the perturbing tidal
field, while the decaying solution h
resp
αβ
is unambiguously asso-
ciated with the corresponding linear response of the body (see
the Supplemental Material). The perturbed metric g˚αβ + h
resp
αβ
is an asymptotically flat, stationary solution of the linearized
Einstein equation in vacuum, and the correspondingmultipole
moments are
ML = M˚L + δML , (5a)
SL = S˚L + δSL , (5b)
where a circle over a quantity indicates it is associated with
the background g˚αβ and a δ preceding that it is associated with
the linear response h
resp
αβ
.
For a nonspinning compact object, the backgroundmetric is
spherically symmetric. By conservation of parity, the body’s
linear response contribution to the mass-type (resp. current-
type) multipole moments can only couple to the electric-type
(resp. magnetic-type) tidal moments,
δML = λ
el
ℓ EL and δSL = λmagℓ BL , (6)
where the tidal deformability parameters λel
ℓ
and λ
mag
ℓ
are con-
stant. If R denotes the areal radius of the central body, then its
dimensionless gravito-electric and gravito-magnetic TLNs kel
ℓ
and k
mag
ℓ
are defined as per the formula (2) above. If the central
object is spinning, however, then the spherical symmetry of
the background metric is broken. Consequently, (i) the multi-
poles (δML, δSL) and the tidal moments (EL,BL) cannot obey
simple proportionality relationships akin to Eq. (6), (ii) the de-
generacy of the azimuthal number m is lifted, (iii) fields with
different parity can now mix, and (iv) the spherical-harmonic
modes Mℓm and Sℓm of ML and SL can couple to modes Eℓ′m′
and Bℓ′m′ of EL and BL with (ℓ′,m′) , (ℓ,m).
Quadrupole moments.—We consider a Kerr black hole of
mass M and spin angular momentum per unit mass a embed-
ded in a weak and stationary, but otherwise completely generic
tidal environment. Hence, we work to linear order in the weak
tidal perturbation, so that the TLNs are constants. Denoting by
M˚ℓm = M˚ℓ δm0 and S˚ℓm = S˚ℓ δm0 themodes of, respectively, the
mass-type and current-typemultipole moments of the axisym-
metric Kerr background spacetime, the multipole moments of
the perturbed Kerr geometry read as
Mℓm = M˚ℓm +λ
ME
ℓm
Eℓm+λMBℓm Bℓm , (7a)
Sℓm = S˚ℓm+λ
SE
ℓmEℓm+λSBℓmBℓm , (7b)
where λME
ℓm
, λMB
ℓm
, λSE
ℓm
and λSB
ℓm
are the four families of Kerr
TLNs, which are complex-valued. In here, we do not include
couplings between different (ℓ,m)modes because, as we shall
show, such couplings are absent in our results.
We computed (see Supplemental Material) the quadrupolar
Kerr TLNs explicitly up to linear order in the dimensionless
spin parameter χ ≡ a/M. For convenience, we introduce the
symbol “” for an equality that holds to that order. For any
azimuthal number |m| 6 2, the result simply reads
λME2m  λ
SB
2m 
imχ
180
(2M)5 and λMB2m  λSE2m  0 . (8)
The mass-type (resp. current-type) quadrupole moment cou-
ples only to the electric-type (resp. magnetic-type) quadrupo-
lar tidal perturbation. The coupling between (E2m,B2m) and
(M2m,S2m) which arises from (7) and (8) is akin to a Zeeman-
like splitting proportional to the azimuthal numberm [41]. We
have thus shown that a spinning black hole becomes tidally de-
formed under the effect of a weak and nonaxisymmetric tidal
field. In particular, while in a binary system, a spinning black
hole falls in Love with its companion. In the nonspinning limit
(χ = 0) or for an axisymmetric tidal field (m = 0), however, the
TLNs in (8) vanish, in agreement with the results in [25–30].
3In fact, we have extended those results to an arbitrarily spinning
black hole in a generic multipolar tidal environment, as shown
in the SupplementalMaterial. Our results agreewith the previ-
ous ones but there is an apparent disagreement with [31], who
found vanishing black hole TLNs for a generic (nonaxisym-
metric) quadrupolar tidal perturbation. This disagreement is
likely a consequence of the use of different tidal/response splits
of the full physical solution.
The event horizon “radius” of a slowly spinning Kerr black
hole is 2M
(
1+O(χ2)). Therefore, by analogy with the TLNs
(2) introduced above for a sphericalNewtonianbody,we define
the dimensionless black hole TLNs according to
kMEℓm ≡ −
(2ℓ−1)!!
2(ℓ−2)!
λME
ℓm
(2M)2ℓ+1 , (9)
and similarly for the MB, SE and SB couplings. These TLNs
generalize to slowly spinning black holes those for nonspin-
ning compact objects [25, 26]. For a Kerr black hole with spin
χ ∼ 0.1, Eqs. (8) and (9) imply |kME
2,±2 | = |kSB2,±2 | ∼ 2×10−3. This
small number could be compared, for instance, to the values
kel
2
∼ 0.05−0.15 and |kmag
2
| . 6×10−4 of the gravito-electric
and gravito-magneticquadrupolarTLNs of a nonspinningneu-
tron star, depending on the equation of state [25, 26]. Hence,
while spinning black holes do deform like any self-gravitating
body, they are particularly “stiff” compact objects.
Tidal Love tensor.—Having related the spherical-harmonic
modes of the quadrupole moments to those of the quadrupo-
lar tidal moments, we now relate δMij and δSij to Eij and Bij
themselves. Multiplying Eq. (7) for ℓ = 2 byY2m, using Eq. (8),
and summing over modes, we obtain rˆi rˆ jδMij ∝ rˆi φˆ jEij and
rˆi rˆ jδSij ∝ rˆi φˆ jBij , where the unit angular vector φˆ is orthogo-
nal to the unit radial vector rˆ. Therefore, δMij and δSij cannot
be simply proportional to Eij and Bij , respectively. Rather,
they must obey more general tensorial relations of the form
δMij =
∑
k,l
λijkl Ekl and δSij =
∑
k,l
λijklBkl , (10)
where the constant tensor λijkl =O(χ) is the quadrupolar tidal
Love tensor (TLT) of the Kerr black hole. Such a complication
with respect to the nonspinning case [25, 26] stems from the
fact that the black hole spin breaks the spherical symmetry of
the background spacetime. Using Eq. (8), an explicit calcula-
tion shows that the quadrupolar Kerr black hole TLT is given
by
(
λijkl
)

χ
180
(2M)5 ©­«
I11 I12 I13
I12 −I11 I23
I13 I23 0
ª®¬ , (11)
where we introduced the four symmetric and trace-free matri-
ces
I11 ≡ ©­«
0 1 0
1 0 0
0 0 0
ª®¬ , I12 ≡ ©­«
−1 0 0
0 1 0
0 0 0
ª®¬ ,
I13 ≡ ©­«
0 0 0
0 0 1
2
0 1
2
0
ª®¬ , I23 ≡ ©­«
0 0 − 1
2
0 0 0
− 1
2
0 0
ª®¬ , (12)
and with the understanding that the second pair of indices in
λijkl indicates one of these 3×3 matrices and the first pair to
an element within it. For instance, if the quadrupolar tidal field
Eij is sourced by a static particle of mass µ≪ M a distance
r ≫ M away from the black hole, in the direction rˆ, then, in
the Newtonian limit, the formulas (10)–(12) imply(
δMij
)

χ
60
(2M)5 µ
r3
[rˆ ⊗ (zˆ× rˆ)+ (zˆ× rˆ) ⊗ rˆ], (13)
where zˆ is the direction of the Kerr black hole spin, × denotes
the cross product and ⊗ the tensor product. If the particle lies
along the axisymmetry axis of the background Kerr geometry
(above one of the poles), then zˆ× rˆ = 0 and δMij vanishes, in
agreement with the vanishing of the TLNs (8) for an axisym-
metric tidal perturbation. If the particle lies on the equatorial
plane, then (δMij ) ∝ rˆ⊗ φˆ+ φˆ ⊗ rˆ, which is the gravitational
analogue of the quadrupolemoment tensor obtained by setting
four electric charges with alternating signs at the corners of a
square centered at the origin and whose four sides are tangent
to the directions rˆ and φˆ. Interestingly, the purely imaginary
TLNs in (8) and the induced mass quadrupole moment (13)
suggest that the black hole tidal bulge is rotated by 45◦ with
respect to the quadrupolar tidal perturbation.
Effective action.—It is well-known in effective field theory
(EFT) that finite-size effects correspond to augmenting the ef-
fective (spinning) point particle action by nonminimal world-
line couplings to curvature [42, 43]. Specifically, the tidally-
induced quadrupole moments (10) are expected to correspond
to the nonminimal couplings∑
i, j,k,l
∫
ds λijklEijEkl and
∑
i, j,k,l
∫
ds λijklBijBkl .
(14)
Given the expression (11)–(12) of the quadrupolar TLT, this
corresponds to a fifth post-Newtonian (5PN) effect [1] beyond
the leading Newtonian motion. The identification of the Kerr
TLNs or TLT computed here with analogous quantities at the
level of an effective action such as the couplings (14) requires a
proper matching calculation. Such a matching was performed
in the case of nonspinning black holes [27, 28, 33], but remains
to be done for rotating black holes. Notice that vanishing black
hole TLNswould be at oddswith the naturalness dogma: since
there is no apparent enhanced symmetry in the effective action
describing black holes with vanishing TLNs, this would imply
an unnatural fine-tuning from the EFT point of view [32, 33].
Prospects.—There is the exciting prospect that the planned
space-based gravitational-wave observatory LISA [21] might
4be able to detect the quadrupolar tidal deformability of spin-
ning black holes which we have here uncovered. One of the
main sources for LISA is the radiation-reaction driven inspiral
of a stellar-mass compact object ofmass µ into a massive black
hole of mass M ≫ µ. An order-of-magnitude estimate of the
contribution of the black hole quadrupolar tidal deformability
to the total accumulated gravitational-wave phase in such an in-
spiral is obtained by considering a low velocity approximation
(Einstein’s quadrupole formula) for the quasi-circular inspiral
down to the innermost stable circular orbit of a nonspinning,
massive, compact body, yielding [22]
Φtidal = − k2 q
96
√
6
≃ −4×10−3 k2 q , (15)
where q ≡ M/µ is the largemass ratio of the binary system, and
k2 is the quadrupolar TLN of the massive compact body. For a
slowly rotating Kerr black hole, we may use instead the typical
value |k22 | ∼ χ/60 derived fromEqs. (8)–(9). For instance, for
a mass ratio q = 107 and a Kerr black hole spin χ = 0.1, this
yields Φtidal ≃ −80 rad. By requiring a detectability threshold
of |Φtidal | > 1 rad, this effect could be detected down to a mass
ratio q ∼ 105. It would be interesting to investigate if the tidal
effect (15) could be used to perform a null test of the Kerr-ness
nature of the massive black holes at the center of galaxies.
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SUPPLEMENTAL MATERIAL
Curvature scalar.—Contracting theWeyl tensorCαβγδ with
the vectors ℓα and mα of a Newman-Penrose null tetrad [44]
yields the curvature scalar ψ0 ≡ Cαβγδℓαmβℓγmδ . By consid-
ering the relation between the gravitational potential (3) and
the Weyl tensor in the Newtonian limit where c →∞, we find
for the Newtonian curvature scalar:
lim
c→∞ψ0 =
∑
ℓm
αℓm(t)rℓ−2
[
1+2kℓ
(
R
r
)2ℓ+1]
2Yℓm(θ, φ), (16)
where αℓm ≡ [(ℓ+ 2)(ℓ+ 1)/(ℓ(ℓ− 1))]1/2Eℓm and 2Yℓm(θ, φ)
is a spin-2 spherical harmonic [45]. Similarly to Eq. (3), the
term O(rℓ−2) in (16) corresponds to the external 2ℓ-polar tidal
perturbation, and the term O(r−ℓ−3) to the body’s response.
The formula (16) can easily be generalized to an axisymmetric,
spinning Newtonian body, for which kℓ → kℓm.
From now on we shall consider a Kerr black hole of mass M
and spin angular momentum per unit mass a. Using advanced
Kerr coordinates (xα)= (v,r, θ, φ), the Kerr metric g˚αβ is given
by [23, 24]
g˚αβ dx
αdxβ =−
(
1− 2Mr
Σ
)
dv2+2dvdr
− 4Mr
Σ
a sin2 θ dvdφ+Σdθ2−2a sin2 θ drdφ
+
(
r2+ a2+
2Mr
Σ
a2 sin2 θ
)
sin2 θ dφ2 , (17)
where Σ ≡ r2+a2 cos2 θ. The coordinate radii of the event (+)
and Cauchy (−) horizons are r± = M ±
√
M2 − a2. This black
hole is embedded in a weak and slowly varying, but otherwise
completely generic tidal environment. Slowly varying means
that we can neglect time derivatives, but we emphasize that it
is nonstatic as it has a parametric dependence on v. The tidal
field being weak means that we can use the framework of the
linearized Einstein equation. This tidal environment is fully
characterized by two sets of symmetric and trace-free tensors
(angle brackets notation), both defined out of the Weyl tensor
Cαβγδ and its covariant derivatives (semicolon notation), and
evaluated in the black hole’s local asymptotic rest frame: the
electric-type and magnetic-type tidal fields [25, 30, 46]
EL(v) ≡ [(ℓ−2)!]−1C0〈i1 |0 |i2 ;i3 · · ·iℓ 〉(v), (18a)
BL(v) ≡ 3
2
[(ℓ+1)(ℓ−2)!]−1 ǫjk 〈i1Ci2 |0jk |;i3 · · ·iℓ 〉(v), (18b)
where ǫijk is the totally antisymmetric permutation symbol.
The electric-type tidal tensors (18a) are the general relativistic
analogues of the Newtonian tidal tensors. The magnetic-type
tidal tensors (18b) have no counterpart in Newtonian gravity.
While the curvatureWeyl scalar vanishes for the Kerr back-
ground (17), Teukolsky [47] managed to derive a decoupled
equation for the perturbed ψ0. He did so with the choice of
the Kinnersley tetrad [48] and showed that, furthermore, the
solution admits separation by variables:
ψ0 =
∑
ℓm
zℓm(v)Rℓm(r) 2Yℓm(θ, φ), (19)
for zero frequency. The coefficients zℓm=αℓm+iβℓm are slowly
varying functions of time v, where αℓm and βℓm are related to
the spherical-harmonic modes Eℓm and Bℓm of the electric-
type and magnetic-type tidal moments (18) [49]. For instance,
at the leading quadrupolar order α2m =
√
6E2m and β2m =√
6B2m. The radial factor Rℓm in themode decomposition (19)
satisfies the zero-frequency radial Teukolsky equation [50]
x(x +1)R′′ℓm(x)+ (6x+3+2imγ)R′ℓm(x)
+
[
4imγ
2x+1
x(x +1) − (ℓ+3)(ℓ−2)
]
Rℓm(x) = 0, (20)
where x ≡ (r − r+)/(r+ − r−) and γ ≡ a/(r+ − r−). While the
physical regime requires ℓ ∈ L≡ Z+ \{1}, we shall temporarily
carry out the calculations for a generic ℓ ∈ R, for the follow-
ing reason. In the Newtonian limit, the identification of the
5growing tidal perturbation and the associated decaying body’s
linear response in the gravitational potential U in (3) is unam-
biguous. This is thanks to the linearity of the Poisson equation
satisfied byU and the Euclidean nature of 3-space, which pro-
vides a unique and unambiguousnotion of distance. In general
relativity, however, the identification of the tidal and response
contributions is quite subtle. In particular, Gralla [51] pointed
out that the value of the TLNs depends on the choice of radial
coordinate. Moreover, given a choice of coordinates and thus
of response contribution, the tidal contribution remains am-
biguous for ℓ ∈ L because one can always add a multiple of the
decaying (subdominant) response contribution to the growing
(dominant) tidal contribution [25, 41]. We henceforth consider
Eq. (20) with ℓ ∈ R, since this allows us to naturally resolve
the two ambiguities, as we shall next see.
Tidal/response solutions.—We obtain the specific physical
solution by requiring that the curvature scalar ψ0 is smooth at
the event horizon r = r+ when written in the Hartle-Hawking
tetrad [52], which is smooth there. The corresponding phys-
ical radial factor Rℓm(x), which is a solution of Eq. (20), is
thus uniquely determined (up to a normalization) and can be
expressed as
Rℓm(x) = (r+− r−)ℓ−2
[
Rˆtidalℓm (x)+2kℓmRˆrespℓm (x)
]
, (21)
where
Rˆtidalℓm ≡ xℓ−2
F(−ℓ−2,−ℓ−2imγ,−2ℓ;−1/x)
(1+1/x)2 , (22a)
Rˆ
resp
ℓm
≡ x−ℓ−3 F(ℓ−1, ℓ+1−2imγ,2ℓ+2;−1/x)(1+1/x)2 , (22b)
with F(a,b, c; z) the Gaussian hypergeometric function and
kℓm = − i
4π
sinh (2πmγ) |Γ(ℓ+1+2imγ)|2 (ℓ−2)!(ℓ+2)!(2ℓ)!(2ℓ+1)! .
(23)
Here, Rˆtidal
ℓm
and Rˆ
resp
ℓm
are two linearly independent solutions of
the radial Teukolsky equation (20), which are exchanged under
the substitution ℓ → −ℓ− 1. While, as said, the physical ψ0
(constructed from Rℓm) in the Hartle-Hawking tetrad should
be—and is—smooth at the Kerr horizon, the contributions to it
constructed from Rˆtidal
ℓm
and Rˆ
resp
ℓm
are both regular but, for mγ ,
0, nonsmooth there. They need not be smooth on the horizon
since neither of them is separately physically accessible.
The solutions Rˆtidal
ℓm
and Rˆ
resp
ℓm
in the formulas (21) and (22)
are specified uniquely and unambiguously by the fact that they
carry separately the two linearly independent asymptotic be-
haviours xℓ−2 and x−ℓ−3 as r →∞ for ℓ ∈ R. Crucially, the
analytic continuation to ℓ ∈ R that we have carried out allows
us to ascertain whether or not a given solution which contains
the asymptotic behaviour xℓ−2 also contains the asymptotic
behaviour x−ℓ−3 within it since, for ℓ ∈ R, neither asymptotic
behaviour can be considered to be dominant/subdominant (this
is further exemplified below (27) in the case of the Hertz po-
tential). For ℓ ∈ L, the asymptotic behaviours xℓ−2 and x−ℓ−3
physically correspond to the Newtonian tidal field and body’s
linear response, respectively.
As pointed out in [41, 53] and shown in [28], analytic contin-
uation is a natural method to obtain a unique and unambiguous
tidal/response split that is the general relativistic extension of
the unique and unambiguousNewtonian tidal/response split in
the rotating version of (3) and (16). More precisely, the radial
factor (21) reads
Rℓm = r
ℓ−2 (1+ · · ·)+2kℓm(r+− r−)2ℓ+1r−ℓ−3 (1+ · · ·), (24)
where the dots denote relativistic corrections to the rotating
version of the Newtonian (16). We determined the overall nor-
malization of Rℓm so that the coefficient of the asymptotic term
rℓ−2 as r →∞ times zℓm is in agreement with the asymptotic
form of ψ0 in terms of the spherical-harmonicmodes Eℓm and
Bℓm of the tidal moments [49].
Comparing the relativistic formula (24) with the Newtonian
formula (16), the constant coefficients (23) can be interpreted
as the Newtonian TLNs of a Kerr black hole. In the particular
cases of a Schwarzschild black hole (a = 0) and axisymmetric
(m = 0) tidal perturbations of Kerr, those coefficients are iden-
tically zero for ℓ ∈ L, and so the response vanishes, yielding
zero relativistic black hole TLNs (9) in these cases. This is in
agreement with results in the literature [25–30]. However, the
response 2kℓm Rˆ
resp
ℓm
is not zero in general in Kerr. In particular,
for a small spin χ = a/M, the quadrupolar coefficients (23) re-
duce to k2m  −imχ/120, in agreement with the nonvanishing
quadrupolar TLNs (8)–(9).
Hertz potential.—To derive the response part of the metric
perturbation from the Weyl scalar (19) with Eqs. (21)–(23),
we apply the Hertz potential formalism [54–58]. The first step
consists in obtaining a Hertz potential Ψ by solving a fourth-
order linear partial differential equation with the Weyl scalar
ψ0 as the source. This can be done mode by mode [59],
Ψ¯ =
∑
ℓm
zℓm(v)Gℓm(r) 2Yℓm(θ, φ), (25)
where the radial function of the (complex-conjugated) Hertz
potential inherits the tidal-response split of the Weyl scalar,
according to
Gℓm(x) = gℓ (r+− r−)ℓ+2
[
Gˆtidalℓm (x)+2kℓmGˆrespℓm (x)
]
, (26)
with gℓ ≡ 2Γ(ℓ+3)/(Γ(ℓ+1)[(ℓ+2)(ℓ+1)ℓ(ℓ−1)]2) and
Gˆtidalℓm = x
ℓ(1+ x)2F(−ℓ+2,−ℓ−2imγ,−2ℓ;−1/x), (27a)
Gˆ
resp
ℓm
=
(1+ x)2
xℓ+1
F(ℓ+3, ℓ+1−2imγ,2ℓ+2;−1/x) . (27b)
The decomposition (26) into tidal and response contributions
in the (complex-conjugated)Hertz potential inherited from the
Weyl scalar in Eq. (21) has a delicate structure: As one takes
ℓ ∈ L, Gℓm becomes a polynomial in r of order ℓ + 2 and so
onemight be tempted to conclude that the response vanishes in
the physical regime ℓ ∈ L. However, analytic continuation to
ℓ ∈ R shows that this is a mere illusion since such polynomial
behaviour arises from the fact that Gˆtidal
ℓm
contains this polyno-
mial plus an infinite series in 1/x which exactly cancels out
with 2kℓmGˆ
resp
ℓm
when taking ℓ ∈ L.
6Metric reconstruction.—Once the response contribution to
the Hertz potential is known, one can obtain the corresponding
metric perturbation h
resp
αβ
by applying a certain second order
differential operator to it, e.g. [54, 60, 61]. We carried out the
calculation explicitly up to linear order in the dimensionless
spin parameter χ = a/M. In the so-called ingoing radiation
gauge, specified by the conditions ℓαh
resp
αβ
= 0 and g˚αβh
resp
αβ
= 0,
we obtain
h
resp
αβ
= ℓαℓβh
resp
nn +2ℜ
[
mαmβh
resp
m¯m¯ −2ℓ(αmβ)hrespnm¯
]
, (28)
with
h
resp
nn −2χ
∑
ℓm
Cℓ Qℓ ℜ
(
im z¯ℓmY¯ℓm
)
, (29a)
h
resp
nm¯
−
√
2χ
∑
ℓm
imCℓ
√
(ℓ−1)!
(ℓ+1)! rQ
′
ℓ z¯ℓm 1Y¯ℓm , (29b)
h
resp
m¯m¯
−2χ
∑
ℓm
imCℓ
√
(ℓ−2)!
(ℓ+2)!
(
r2Q′′ℓ +2rQ′ℓ −2Qℓ
)
z¯ℓm 2Y¯ℓm ,
(29c)
where we used Cℓ ≡ ℓ![(ℓ− 2)!]3/2/
((2ℓ)![(ℓ+2)!]1/2) (2M)ℓ
and Qℓ(r) ≡ (r/M − 2)2Q′′ℓ (r/M − 1), with Qℓ the Legendre
function of the second kind. The ℓ modes of the tetrad com-
ponents (29) scale as O
(
r−ℓ−1
)
.
Multipole moments.—All our results so far were valid for a
tidal field which is slowly varying but is allowed to possess a
parametric dependence on time v. From now on we neglect
the slow parametric evolution of the coefficients zℓm(v) in the
metric perturbation (29). Hence, the metric gαβ = g˚αβ + h
resp
αβ
is a stationary, asymptotically flat, vacuum solution of the
linearized Einstein equation, and its Geroch-Hansen [39, 40]
multipole moments are well defined.
More precisely, we compute the norm λ and scalar twist ω
associated with the timelike Killing field ξα of the perturbed
Kerr geometrygαβ , and the 3-metric γαβ = λgαβ+ξαξβ on any
spacelike hypersurface orthogonal to ξα . We then perform a
conformal transformation of γαβ, with a choice of conformal
factor Ω that ensures that the mass dipole moment vanishes,
thus taking the multipole moments about the center-of-mass
of the perturbed black hole. The mass-type and current-type
quadrupole moments Mij and Sij are given by the formula
Mij + iSij =
1
3
(
D˜〈i D˜j 〉Φ˜−
1
2
R˜〈ij 〉Φ˜
) 
Λ
, (30)
where the scalar field Φ˜ ≡ (ΦM + iΦS)/
√
Ω is a conformally
rescaled linear combination of the mass-type and current-type
potentials ΦM  1/(4λ) −λ/4 and ΦM = ω/(2λ), while D˜α is
the covariant derivative compatible with the conformal met-
ric γ˜αβ = Ω
2γαβ and R˜αβ is the associated Ricci tensor. The
right-hand side of Eq. (30) is evaluated at spatial infinity,which
corresponds to the pointΛ of the extended 3-manifold. The re-
sults (8) are obtained by taking the spherical-harmonic modes
of (30) and comparing to the formulas (7).
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